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Control of inharmonicity by the addition of a point lnass
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A method for controning the inharmonicity of a stifF string by adding a lumped mass

(Or maSSes)Was Originally suggested by F.Miner,」 r. In the present of paper,the same

idea is investigated in a more precise manner. The cffcct of the string stifFlless on its

inharmonicity is discussed for difFerent support conditions(the Sirnplc― silnple, silnple¨

flxcd,and nxed_flxed conditions). The silnple‐ silnple suppOrt condition gives the largcst

inharlnonicity(dCViation from a truc harmonic series)amOng them even though the

dittercnces are sman for most cases.  The thcoretical and cxperimental results of the

resonance frequencies of a string v′ ith the flxed‐ nxed condition sho、 v very good agree‐

ment with each othcr. For a representative middle C string, a mass of O.2～ 0.4 grams,

when attached 13-9 nlln from one end oftl■ e string,reduces the inharmonicity signin―

cantly.

PACS number: 43,72.Ⅳ In

1. INTRODUCTION

It is、 vcll known that frequcncics of partials of a

piano tone are not intcgcr multiples of the funda―

mental rcsonance frequency.  Both thc theoretical

and experilnental aspccts of the vibration of a uni‐

form stifF string have been investigated.17) Lord

Rayleighl)and P. III. 4ヽorse2)cOntributed to the

theoretical aspcct of the vibration of a stilΥ  string.

Ro S.Shankland and J.W.Coltinan3)Illeasured the

resonance frequcncics of a stifF string and compared

them to the theorctical results obtained by Lord

Rayleigh. 0.H.Schuck and Ro W.Young4)mea‐
sured inharmonicity(deViation from a truc harmonic)

of piano toncs for difFcrent key numbers and dimcrent

types Of pianos, and showed that a large(grand)

piano is less inharmonic than a smancr piano. They

also showed that the inharmonicity causcs deviations

in tuning(oCtave strctchino.R.W.Young4)fur‐

thermore measured six pianos of various styles and

makes,and raised a hypothesis that thosc pianos arc

“best''whcn thc inharmonicity is lcast and also whcn

it changes smoothly. F. Ⅳriller, 」r.6)discussed the

pOssibility ofcontroning the inharmonicity by adding

a lumped rnass nearthe end ofthe string.I― I.Flctchcr7)

covercd both thc theoretical and cxpcrirnental

aspccts of inharmonicity.

The idca suggcstcd by F. Ⅳ111ler, 」r.6)sccms very

attractive since it makes it possiblc to control thc

inharmonicity of a stifF string by adding a sman lnass

near onc cnd of thc string.  The addition of the

lurllped mass lo、vers thc rcsonance frcqucncy of cach

partial. For lo、 vcr ordcr partials, thc effcct of thc

mass is small since the mass is closc to thc nodcs of

thc normal vibration of thc string. As thc ordcr of

the partial increases, the position of the anti― node
approaches the positiOn of the mass and, therefore,

the mass works lllorc cffcctivcly to lo、vcr thc rcs‐

onancc frequcncy.

The prescnt paper dcscribcs at irst the thcorics

used to calculate thc resonance(cigen)frequencies

and mode shapes of a unifornl stifF string with and

without the additional mass.  Thcn, thc rcsonance

frequencies of a stiff string、 vith difFerent dcgrces of

inharmonicitics  for  thc  silnplc― sirnplc,  silnplc…

flxcd, and ixcd‐ ■xed conditions are numerically

calculated without approxillllation.   Finany, the

theoretical and experilnental results of resonance
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frequencics of a stifF string with an additional mass

of difFcrcnt sizes and at difFercnt position on thc

string are comparcd using an cxperilllental setup

、vhich gives a nxcd_■ xcd support condition.

LIST OF SYⅣIBOLS

/η :coeflicicnt of modc ftlnction L(→

B: parameter dcining the inharmonicity

of a string(Eq。 (7))

σ:mass ratio M.′″
D:diametcr of a string(=2R)

Iフ : Young's rlllodulus of a string

K―K: cOemcicnts dcnned by Eq.(9)
Z: opcrator dcincd by Eq.(3)

M、: additional lumpcd lnass

R: radius of a string

S: arca of thc cross‐scctiOn Of a string

(=πR2)

ri tcnsiOn Of a string

y(χ):diSplacemcnt function of a string

】Ъ(χ): κ―th modc shapc of a string

几 : 77-th rcsonance frequency of a string

バ:fundamental resonance frequency of

an idcal string

ノ:unit of imaginary number y_1
た,た1,た2:WaVe numbcrs
′: string lcngth

zl′ : distance of thc position ofthe lumpcd

mass fron■ thc ncar end

“
,″ : modc numbers

′: independcnt tillle parameter

χ: C00rdinatc in the length dircction of

a string

χO: position of the additional lnass

ッi time dependent displacement function

δ(χ): dClta function

μ: linear density

π: circular constant

ω: angular frequcncy

ωn: ″‐th mOdc angular frequency

2. R/1ATHEⅣ IATICAL DISCUSS10N

2.l  Rcsonancc Frequcncics and l■Iode Shapcs

Thc basic equation of motion of a homogcncous

stifF string is7)

E&P堂(型十μどうメータリ絆=0い )
For a steady statc motion,the tillllc depcndent term

`ノ

ωι can be avoided usingノ ==y(χ)θ
′ωι
,Such as
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工Иεο夕∫′.Sοι.4フ″.(E)10,5(1989)

∬R2グ
4y(→
_櫂堅ュ_μω2y(χ)=0(2)

Deflnc the opcrator」 L such that

z=い 2+_r+), 0)

then

Z{y(χ)}=μω
2yO).     (4)

Assunling a solution of the form θ2πκ″ and substi‐

tuting this into Eq.(2),wc haVe

た4_(1/4B′ 2)た2_(/2/16B′%:)=0.  (5)
Solving Eq.(5),wc haVC fOur solutions:

た=土 /fl

and

た=土清2,
、vhere

れ=[赫
|←
+7)ψ
J]ψ
 0

and

れ=[可
:戸 |←

十
干 )ψ

一
]]ψ

“

D

The notations

and

B=C7r2EsR2/TJ)     (7)

/0=(ημ)1/2ノ 2′       (8)
、vcrc also uscd.

The general solution of Eq。 (2)is then given by

yα)=K COSh 27rた lχ ttK sinh 2πたlχ

十二亀COS 2πれχttK sin 277た 2χ .  (9)

The boundary conditions arc exprcssed as foHo、 vs.

For the flxed boundary condition,

草
LOい

一 ―
卜 ÷

⑩

For the silnply supportcd boundary condition,

Four equations givcn by Eq.(10)and/Or Eq.

(11)determinc the resonancc frcqucncics tt and the

corresponding lnode shapes 11(χ ). These results win

be used to obtain the resonance frequencies and

modc shapes of a stifF string 、vith an additional

lumped mass.

′

一
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where
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2.2  Eigcnfrcquencies and Eigenfunctions of a String

with an Additional Lumpcd Ⅳrass

Assunling that the rcsonancc frequcncics and

modc shapes of a uniform string are known, the

deflection of the string v/ith an additional lumped

mass is expressed by:

y(χ)=Σ Иηム(χ),    (12)
η=1

Z(1■ (χ)}=μωπ21%(χ)      (13)
and

じ 2L①
琢

"訥
.⑭

Equation (14) is obtaincd using thc orthogonal
property of the eigenfunctions I鶴 (χ)and lCtting thc

norrll of each function equal to′ .

Thc cquation of motion、 vith the additional rnass is

Z{y(χ)}一μω
2y。
)=一 JirJ」Maδ (χ一χ。)。ノωy(χ )。

(15)

Substituting Eq.(12)into Eq.(15),we haVe

ω2(1+CX2(χ O)}一ω12

ω2Cろ (χO)yl(χ O)

〃21,

L琢⇒LO歳 |工
1塵
/2∫

`
_μω2塵Иπ

l`″
耽(→ L(→赦

=仏ω2蓋 /2∫ζρ耽(⇒孔(⇒δ(χ一χめ赦(17)
Using Eqs.(13)and(14)

りΣ И2耽 (χ。)L(χO)。 (18)//t(ωπ
2_ω 2)И
π=Mλω
 π=1

ＣＶ

⇒
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(16)

[―〃2,

(19a)

Thcrcfore,

ω2粋π+(サ
)自
/2耽・めろ。め|

=ω22/η , 
“
=1,2,… .

or in a matrix forrn:

ω2ch(χ。)y2(χ O)

ω2(1+CL2(χO)}一ω22

И

　

И

　
　

　̈

　

　̈

　

¨

where C=ν L/レ .
Equation (19)indiCates that the rcsonance frc‐

quencics and mode shapes with the additional mass

arc dctcrrllincd by thc rcsonance frcqucncics and

modc shapes of the homogcneous sti∬  string, the

ratio of the additional lnass to the string mass,and

thc position of thc additional inass on the string.

3. RESULTS AND DISCUSSION

3.l  Resonance Frequcncies and NIIodal Shapes of

a Homogeneous String

Using Eq.(9)and the boundary conditions ex‐

pressed by Eqs.(10)andノ Or (11), the resOnance

frequcncy of a sti∬ string normalized to the funda―

mcntal rcsonancc frequency of an ideal string(Eq.

(8))were Calculated for thrce reprcsentative values of

B. Thc results arc shown in Tablc l～ Tablc 3. For

convenicncc,thc flxed and sirnply supportcd bounda‐

(19b)

ry conditions arc cxpressed silnply by``F'' and``S,''

respcctively. It is rcasonablc that the F‐ F support
gives the highcst rcsonancc frcqucncics amOng threc

di∬erent kinds of support. For B=0.001(WhiCh

may be a typical inharmonicity index of note G♯ 5

(key tt60)Of an upright piano, according to the
rcfcrcnce,7)thc dcviation of κO from 20/1 is apprOxi¨
mately 290 cents(18.25%)for any type of support

condition.

By looking at the tablcs carcfuny, thc f01lo、 ving

can be concludcd:

1.  The resonance frequency of a sti∬ string for

the S‐ F support is approxirnately the gcomctri‐

cal mcan of the fl・ cqucncics for thc S― S and
F‐ F supports,

2.  For B==0.0001 and O.001, thc ratios bct、 veen

attaCent fl・cquencies(frequency spacings)arC
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Table l  Resonancc frequencies of a stifFstring

with B=0.oo01■ ormalized to/0=(η μ)1/2/
2′ .
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Table 3  Resonance frcquencies of a stir string

with B=0.ol normalized toん =(ημ)1/2/2′ .

Modc
numbcr

Boundary conditions
S‐F F‐F

Ⅳ【ode
number

Boundary conditions
S‐F F‐F

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

1.00005

2.0004

3.0014

4.0032

5.0063

6.0108

7.0171

8.0256

9,0364

10.0499

11.0663

12.0861

13.1094

14.1365

15,1678

16.2035

17.2439

18.2893

19.3399

20.3961

1.0032

2.0068

3.01o9

4.0160

5.0222

6.0300

7.0396

8.0512

9,0653

10.0820

11.1018

12.1248

13.1514

14.1818

15.2164

16.2554

17.2992

18.3479

19.4020

20.4616

1.0065

2.0132

3.0206

4.0289

5.0383

6 0493

7.0621

8.0770

9.0943

10.1144

11.1374

12.1637

13.1936

14.2274

15.2653

16.3077

17.3548

18.4070

19.4644

20.5274

1.0050

2.0396

3.1321

4.3081

5.5902

6.9971

8.5446

10.2450

12.1083

14.1421

16.3527

18.7446

21 3216

24.0865

27.0416

30.1887

33.5293

37.0643

40.7947

44.7214

1.0381

2.1069

3.2358

4.4507

5.7744

7.2254

8.8191

10.5675

12.4801

14.5643

16 8258

19.2693

21.8981

24.7151

27.7224

30.9281

34.3145

37.9017

41.6843

45.6631

1.0734

2.1786

3.3458

4.6014

5,9681

7.4644

9.1053

10.9023

12.8643

14.9996

17.3124

19.8075

22.4883

25,3574

28.4169

31.6685

35.1134

38.7528

42.5876

46.6183

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

N/1ode
numbcr

Table 2 Resonance frequencies of a stifFstring

with B=0 001 normalized to/0=(r/μ )1/2/2′ .

approxirnatcly thc same for thc thrcc differcnt

kinds of support.

3. For B=0.01,it is clearly seen that the fl・ c‐

qucncy spacing is、 vidcst for thc S¨ S support

and narro、vest fOr the F―F supporteven though

thc difFcrcnces are vcry sman.

ヽヽアhat conclusion(1)～ (3)indiCate is very interest¨
ing.  Contrary to usual reasoning,the S― S support

condition gives thc samc or a larger inharmonicity

than the other t、 、/o support conditions do. All obser…

vation of the modal shapcs may give a hint to this

reason。

The modal shapes of a sti∬ string、vith thc S‐ S

support arc exactly the same as the l■ odal shapes of

an idcal string.7)Thc nxcd bOundary condition at onc

cnd or at both ends causes the modal shapes to

dcviate fronn those ofthe idcal string. As an exanoplc,

thc 4th mode of a stifF string with the F¨ F support

and B==0.001 is sholvn by thc curvc with sinaHer

slopes at both ends in Fig.1. The other curve in thc

flgurc is thc modal shape of thc idcal string. It can

be scen that the nxed boundary condition reduces

thc cfFective length of the string.  This makes thc

rcsonance frequcncies of the F― S or F¨ F supportcd

strings highcr than thosc of thc S‐ S supported string.

Boundary conditions
S―F F―F

１

２

３

４

５

６

７

８

９

‐Ｏ

Ｈ

‐２

‐３

‐４

‐５

‐６

‐７

‐８

‐９

２０

）

1.0005

2.0040

3.0135

4.0319

5.0621

6.1070

7.1695

8.2520

9.3574

10.4881

11 6465

12.8350

14.0556

15.3106

16.6020

17.9314

19.3008

20 7117

22.1658

23.6643

1.0107

2.0224

3.0442

4.0730

5.1138

6.1694

7.2428

8.3366

9.4534

10.5957

11.7661

12.9668

14.2000

15.4678

16.7722

18 1150

19.4980

20,9227

22.3909

23.9037

1.0211

2.0452

3.0775

4.1149

5.1665

6.2331

7 3176

8.4227

9 5511

10.7053

11.8879

13.1010

14.3469

15 6276

16 9452

18.3015

19,6982

21 1369

22 6192

24.1465
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Fig。 l  Fourth mode shape of a sti∬ string

with B=0.01 and with the F― F support

condition.

It secms that the lo、 ver modcs arc morc attccted by

the reduction of thc cfFcctivc lcngth, and consc‐

qucntly, the spacing bet、veen attaCent frequcncics

are smaHest for thc F‐ F support condition and
largest for the S― S support condition.

3.2  Resonance Frequencics of a String with an

Additional NIlass

Oncc thc rcsonance fl‐ cquencics and modal shapes

of a uniforlll stifF string arc kno、 vn, the resonance

frequencics of a stifF string、 Ⅳith an additionallumped

mass can bc calculated using Eq.(19). Instead Of a

representativc value of iB,practical valucs of a string

uscd for Ⅱliddlc C were chosen for thc calculation.

Thosc are shown in Table 4. The value」 B calculatcd

frolll these parameters is O.3636× 10~3、〃hich is fairly

close to the valuc shown in refcrencc,7) Thc rcs‐

onance fl・ equencies of a stifF string with thc F― F
support condition、 vcrc calculated for two values of

mass ratio,C=0.l and O.05.For C=0.1,the ratio of

the distance of thc mass fronl thc cnd of thc string

to the totallength ofthc string(zl〃 ′)ヽVaS ChOscn such
that z17/ノ =0.0,0.01,0.015,and O.02. If ZIJ/′ =0,it iS

equivalcnt to the case、 vith no additional nlass. For

C=0.05,two values of∠〃′WCrc sclectcd for calcula‐
tion such that ZIJ/7ノ =0.015 and O.02. The rcsults arc

shown in Fig.2 and Fig.3 for C=0.l and O.05,
respectively. Thc fl・equcncy dcviations are shown by

thc inharmonicity dcaned below:

Inharmonicity=1,2001og(ん ルメ)10g2(Cents)(20)

Obviously, a purely harmonic serics has zero

Table 4 Parametcrs of a string used for nlid¨

dle C.

Young's lnodulus

I)iameter

Linear dcnsity

Lcngth

Resonance frequency

19.5× 101l dyn/cln2

0.1042 cm

O.0672g/cm

63.88 cm

261.61‐Iz

Fig。 2 1nharmorlicitics of string 、vith an
additional linass. Thc curves a, b, c and

d arc for C=o.01 and Z1/1ノ =0.0,0.01,0.015
and O.02, rcspectively.

inharmonicity for any modc numbcr″ .

Curve(a)in Figs. 2 and 3 shows that thc in…

harmonicity of a nliddlc C string、 vithout an addi‐

tional mass approachcs approxilnately 120 cents

(=SCrnitOnc)for thC 20th partial whcn thc string is

ixed―supported at both ends. For C=0.l and zl〃 ′

=0.02(curve(d)in Fig.2),the mass Overcompcn‐
sates thc c∬ ect of the string sti∬ ncss and thc in‐

harmonicity becomes ncgative for modc numbers

″=2～ 15. In casc of C=0.l and zl〃 ノ=0.15,thc
inharmonicity is vcry sman for″ ≦ 15. Even for thc

highcr mode numbers, the inharmonicity of this

string is much smallcr than that of a string、 vithout

an additional mass. Curve(f)in Fig.3 shows that

evcn a rnass having 5,こ of thC String rllass rcduccs the

inharmonicity signiflcantly whcn it is attachcd ncar

Ｅ
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STEEL

Fig.4 Expcrilncntal

ment of resonance

with F― F support
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sctup for thc FneaSure‐

frcquencics of a string

condition.
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三百

>
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MODE NUMBER

Fig。 3 1nharmonicitics of a string v/ith an

additional mass.  The curvcs a, c, and f

arc for C=0.05 and Z〃ノ=0.0, 0.015,
and O.02,respectivcly.

the end at a point 22` of the string total lcngth.

Figtlres 2 and 3 indicatc that a propcr combination of

parametcrs around C=0.1″ 0.05 and zl〃 ′=0.015～
0.02 may give a rcasonablc reduction of inharmonic‐

ity for thc strings used around the key numbcr 40

(middlC C).

3.3  Colnparison of Thcoretical and Experilncntal

Rcsults

Figurc 4 sho、 vs onc cnd of an experirllental setup

uscd to measure the rcsonance frcquencics of a

string. Thc string is attached to a massivc steel block

through a holder and a forcc transduccr.「Fhe holdcr

givcs thc nxcd condition to thc string. Thc othcr cnd

of thc string is ixed by a holdcr alone.  The trans‐

duccr picks up the forcc causcd by thc vibration of

the string. Thc length,the diamcter,and the lincar

dcnsity ofthc string are givcn in Tablc 4. The tun‐

ing scrc、 v enables one to attuSt thC tension of thc

string as dcsired,  The fundamcntal rcsonance frc‐

quency、vas adiusted as closc as possible to 261.6 Hz

(lniddIC C). Then,thc rcsonancc frcquencies up to
the 20th mode、 vcrc measurcd with and、vithout the

additional lnass. Thc mass ratio C and the length

ratio Zl〃 ′wCrc o.09 and O,016,rcspcctively.

The rcsults arc shown in Figs.5 and 6 for the

strings、 vithout and、 vith thc additional rnass,respec‐

tively.  The lines 、vith circlcs are the theoretical

258
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Fig.5 Thcorctical(cirCle)and CXperilllental

(Y)inharmOnicities of a string with and
additional mass(C=0.09 and Z〃 ′=0.16).
The parameters of the string are givcn in

Table 4.

rcsults and the lines with Y are thc expcrilnental

rcsults. The thcoretical and thc cxperirncntal results

of the string without the additional lnass(Fig.5)

are in cxccHcnt agrecmcnt 、vith cach othcr.  The

results of the string with additional mass(Fig.6)

arc also in good agreemcnto  Thc expcrilnental

results shov/that the cfFcct of the additional lnass

is slightly more than predictcd.   One possible

reason for this is that thc rotary inertia of the

attached mass is neglected in thc theory. It can bc

一　　叫ＳＳ

ヽ
へ
ヽ
ＤＤ‐Ｔ
鵬

ｅ

＼

３ＴＲ



H.SUZUKI:CONTROL OF INHARMOnllcITY

Fig。 6 Theorctical(cirCIC)and experimental

(Y)inharmOnicities of a string with an
additional mass(C=0.09 and∠ 〃′=0.16).
The parameters of the string are given in

Table 4.

concluded,howevcr,that thc theory can prcdict thc

cxpcrirncntal rcsults vcry weH.

4. CONCLUSION

At irst, thc theorics to calculatc thc resonance

frequencics Of a sti∬  string 、vith and v/ithout an

additional mass 、verc prcscntcd.  The resonancc

frcqucncies of a stilΥ  string for thrcc represcntative

values of B(B=0.0001, 0.001, and O.01)wcrC
calculatcd fOr thrcc diffcrcnt support conditions

(S¨S, S― F, alld F¨ F).  The apprOximate forrnula

to calculatc thc resonancc frequencics Of a stifF string

givcn in Refs. 2)and 7)was fOund to be quitc

accuratc for lov′ tO lllid values of」B. The formula,

howcver,docs not hold forlarger valucs of B(≧ 0.01).

In this rcgion, thc inharmonicity is largcst for thc

S¨ S support and smanest for the F¨ F support. For
smancr B, thc inharmonicitics arc the samc fOr the

threc support conditiOns.

Thc cttccts Of an additional lnass、 verc calculated

for a string v/ith parameters corresponding to thOsc

of the kcy numbcr 40(llliddlC C).An additional

mass with a wcight of 5～ 10%of the string weight,

when attachcd at a place 2～ 1.5% of thc total
length of the string from one end, workcd wen to

FCducc thc inharmonicity of the string. An experi…
mental sctup was made to measurc the resonancc

frequencics of a rcal string v/ith thc F‐ F support

condition.  The agrccmcnt bct、 veen thc thcorctical

and experirncntal results was vrcy good both for thc

strings、 vith and、vithout an additional lnass.

As F. Ⅳrincr, 」r.6)suggcstcd, it sccms vcry iln‐
portant to makc a complete piano vパ th much less

inharmonicity from thc lo、 vcst to the highest key.

This wiH provide us with precious inforllnation about

how the inharmonicity amccts thc tilnbcr of cach

tonc, the octavc stretching, and thc quality of a

piano as a、 vholc.
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